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Abstract 

We prove simplicial version of a classical theorem of Eilenberg in the equivariant 
context and give an alternative description of the simplicial version of Bredon-Illman 
cohomology with local coefficients, as introduced in|T6], to derive a spectral sequence. 
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1 Introduction 

For spaces with group actions the analogue of cohomology with local coefficients is the 
Bredon-Illman cohomology with local coefficients, as introduced in 13 . This is based on the 
notion of fundamental groupoid of a space equipped with a group action. A classical theorem 
of Eilenberg states that cohomology with local coefficients of a space can be described by the 
cohomology of an invariant subcomplex of the cochain complex of its universal cover, where 
the universal cover is equipped with the action of the fundamental group of the base space. 
An equivariant analogue of this result was proved in ^13) . Recently, in |16j , we introduced 
equivariant simplicial cohomology with local coefRcients, which is the simplicial version of 
Bredon-Illman cohomology with local coefficients and proved a classification theorem. The 
corresponding non-equivariant result was proved in [5], [7], [3]. In this paper we derive 
Eilenberg's theorem for equivariant simplicial cohomology with local coefficients. This is 
based on the notion of universal covering complexes of one vertex Kan complexes [S]. In 
equivariant context, the role of the universal cover is played by a contravariant functor from 
the category of canonical orbits to the category of one vertex Kan complexes. Finally, we 
give an alternative description of equivariant simplicial cohomology with local coefficients 
via the notion of cohomology of a small category following j25^ and use it to derive a spectral 
sequence. 

The paper is organized as follows. In Section 2, we recall some standard results and 
fix notations. The notion of equivariant local coefficients of a simplicial set equipped with 
a simplicial group action is based on fundamental groupoid. In Section 3, we recall these 
concepts and the definition of simplicial version of Bredon-Illman cohomology with local 
coeffic 
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2 Preliminaries on G-simplicial sets 



In this section we set up our notations and recall some standard facts [llj . 
Let A be the category whose objects are ordered sets 

[n] = {0 < 1< • • • < n}, n > 0, 

and morphisms are non-decreasing maps / : [n] — > [m]. There are some distinguished 
morphisms : [n — 1] — > H,0 < i < n, called cofaces and s* : [n + 1] — !■ [n], < i < n, 
called codegeneracies, defined as follows: 

d'ij) = 3, j < i and d\j) =j + l,j>i, (n > 0, < i < n); 

= j, j < i, and s'{j) = j - I, j > i, {n>0, <i < n). 

These maps satisfy the standard cosimplicial relations. 

A simplicial object X in a category C is a contravariant functor X : A — > C. Equivalently, 
a simplicial object is a sequence {Xn}n>o of objects of C, together with C-morphisms di : 
Xn — > Xn-1 and Si : X^ — > Xn+i, < i < n, verifying the following simplicial identities: 

didj = dj-idi, diSj = Sj^idi, if i < j, 

djSj ~ id ^ dj+iSj, 

diSj ^ s-jdi^i, i>j + l; s.,Sj ^ Sj+iSi, i < j. 

A simplicial map / : X — > Y between two simplicial objects in a category C, is a collection 
of C-morphisms /„ : Xn — > Yn, n > 0, commuting with di and Si. 

In particular, a simplicial set is a simplicial object in the category of sets. Throughout 
<S will denote the category of simplicial sets and simplicial maps. 

For any n-simplex x G Xn, in a simplicial set X, we shall use the notation d(^i^^i^^... ^i^)X 
to denote the simplex di^di^ • ■ • di^x obtained by applying the successive face maps di^_f. on 
X, where < V-fe < n ~ k, < k < r — I. 

Recall that the simplicial set A[n], n > 0, is defined as follows. The set of (/-simplices is 

A[n]q = {(ao, fli, • • • , flg); where G Z, < ag < ai < ■ ■ ■ < Uq < n}. 
The face and degeneracy maps are defined by 

di{o.Q: ■ ■ ■ , 0,q) = (oq, ■ • • , tti-l, fli+l, ■ • ■ , Qq), Sj{ao, ■ ■ ■ , flq) — (flQ, ■ • ■ ,ai,ai, - ■ ■ , flq). 

Alternatively, the set of fc-simplices can be viewed as the contravariant functor 

A[n]([fc])= HomA([A:],N), 

the set of A-morphisms from [k] to [n] . The only non-degenerate n-simplex is id : [n] — y [n] 
and is denoted by A„. In the earlier notation, it is simply, A„ = (0, 1, • • • , n). 

It is well known that if A" is a simplicial set, then for any n-simplex x € A„ there is a 
unique simplicial map x : A[n] — > X with S(A„) = x. Often by an n-simplex in a simplicial 
set X we shall mean either an element x S A„ or the corresponding simplicial map x. 

We have simplicial maps Si : A[n — 1] A[n] and : A[n -I- 1] — A[n] for < i < n 
defined by ^i(A„_i) = 9i(A„) and CTi(A„+i) — Si(A„). The boundary subcomplex 9A[n] of 
A[n] is defined as the smallest subcomplex of A[n] containing the faces 9; A„, i = 0, 1, n. 
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Definition 2.1. Let G be a discrete group. A G-simplicial set is a simplicial object in the 
category of G -sets. More precisely, a G-simplicial set is a simplicial set {X„;9j,Si,0 < « < 
n}n>o such that each Xn is a G-set and the face maps di : Xn — > Xn-i and the degeneracy 
maps Si : Xn — > Xn+i commute with the G-action. A map between G-simplicial sets is a 
simplicial map which commutes with the G-action. 

Definition 2.2. A G-simplicial set X is called G-connected if each fixed point simplicial set 
X^ , H Q G, is connected. 

Definition 2.3. Two G-maps f,g : K ^ L between two G-simplicial sets are G-homotopic 
if there exists a G-map F : K x A[l] ^ L such that 

F o (id X 6i) = f, F o (id X So) = g. 

The map F is called a G-homotopy from f to g and we write F : f 9- If i '■ K' C_ K is 
an inclusion of subcomplex and /, g agree on K' then we say that f is G-homotopic to g 
relative to K' if there exists a G homotopy F : f ~g g such that F o (i xid) = ao pri , where 
a = f\j^ = g\j^ and pr\ : K' x A[l] — > K' is the projection onto the first factor. In this 
case we write F : f ~g 9{t^I K')- 

Definition 2.4. A G-simplicial set is a G-Kan complex if for every subgroup H Q G the 
fixed point simplicial set X^ is a Kan complex. 

Remark 2.5. Recall (Jl^, JB^) that the category GS of G-simplicial sets and G-simplicial 
maps between G-simplicial sets has a closed model structure ^171, where the fibrant objects 
are the G-Kan complexes and cofibrant objects are the G-simplicial sets. From this it follows 
that G-homotopy on the set of G-simplicial maps K L is an equivalence relation, for 
every G-simplicial set K and G-Kan complex L. More generally, relative G-homotopy is an 
equivalence relation if the target is a G-Kan complex. 

We consider G/H x A[n] as a simplicial set where {G/H x A[n])q = G/H x (A[n])g with 
face and degeneracy maps as id x di and id x Si. Note that the group G acts on G/H by left 
translation. With this G-action on the first factor and trivial action on the second factor 
G/H X A[n] is a G-simplicial set. 

A G-simplicial map a : G/H x A[n] ^ X is called an equivariant n-simplex of type H 
in X. 

Remark 2.6. We remark that for a G-simplicial set X, the set of equivariant n-simplices 
in X is in bijective correspondence with n-simplices of X^ . For an equivariant n-simplex a, 
the corresponding n-simplex is a' — a{eH, An). The simplicial map A[n] — > X^ , A„ i— >■ a' 
will be denoted by a. 

We shall call a degenerate or non-degenerate according as the n-simplex a' G Xn is 
degenerate or non-degenerate. 

Recall that the category of canonical orbits, denoted by Oq, is a category whose objects 
are cosets G/H, as H runs over the all subgroups of G. A morphism from G/H to G/K 
is a G-map. Recall that such a morphism determines and is determined by a subconjugacy 
relation g~^Hg C K and is given by g{eH) = gK. We denote this morphism by 5 [2]. 
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Definition 2.7. A contravariant functor from Oq to S is called an OG-simplicial set. A 
map between Oc-simplicial sets is a natural transformation of functors. 

We shall denote the category of OG-simplicial sets by OgS. 

The notion of Og-groups or Oc-abelian groups has the obvious meaning replacing S by 
Qrp or Ab. 

For a G-simplicial set X, with a G- fixed 0-simplex v, we have an Oc-group nX defined 
as follows. For any subgroup H oi G, 

tlX{G/H) := 7ri{X",v) 

and for a morphism g : G/H — > G/K, g^^Hg C K, T£X{g) is the homomorphism in 
fundamental groups induced by the simplicial map g : X^ — > X^ . 

Definition 2.8. An Oc-group tt is said to act on an OG-simplicial set (group or abelian 
group) X_ if for every subgroup H C G, ]£.{G/H) acts on X_{G/ H) and this action is natural 
with respect to maps of Oq ■ Thus if 

4>{G/H) : tl{G/H) X X{G/H) — ^ X{G/H) 

denotes the action ofTriG/H) on X_{G/H) then for each subconjugacy relation 
g-^Hg C K, 

HG/H) o {n{g) X x{g)) - Mg) ° HG/K). 

3 Simplicial Bredon-Illman Cohomology with local co- 
efficients 

In this section we recall [TB] the notion of fundamental groupoid of a G-simplicial set X, the 
notion of equivariant local coefficients on X and the definition of simplicial Bredon-Illman 
cohomology with local coefficients. 

We begin with the notion of fundamental groupoid. Recall [J that the fundamental 
groupoid irX of a Kan complex X is a category having as objects all 0-simplexes of X and 
a morphism x — !• y in irX is a homotopy class of 1-simplices w : A[l] — > X rel 9A[1] such 
that Lij o So = y, uj o Si — X. If cj2 represents an arrow from x to y and loq represents an arrow 
from to z, then their composite [wq] ° [^^2] is represented by fl o Si., where the simplicial 
map 57 : A[2] — > X corresponds to a 2-simplex, which is determined by the compatible pair 
(wg, ,^2). For a simplicial set X the notion of fundamental groupoid is defined via the 
geometric realization and the total singular functor. 

Suppose xh and yK are equivariant 0-simplices of type H and K, respectively, and 
g : G/H — )> G/K is a morphism in Og, given by a subconjugacy relation g~^Hg C K, 
g e G, so that g{eH) — gK. Moreover suppose that we have an equivariant 1-simplex 
: G/i? X A [1] ^ X of type H such that 

(j) o {id X Si) = Xh, o {id x S^) = yK ° (3 x id). 

Then, in particular, is a 1-simplex in X^ such that = x'^ and d^cj)' = gy'^j notations 
are as in Remark l2.6l Observe that the 0-simplex gy'j^ in X^ corresponds to the composition 

G/H X A[0] ^'^'^ G/K X A[0] ^ X 
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and (/) is a G-homotopy xh —g Vk ° [g ^ 'id). 

Definition 3.1. Let X be a G-Kan complex. The fundamental groupoid IIX is a category 
with objects equivariant 0-simplices 

XH : G/H X A[0] ^ X 

of type H , as H varies over all .subgroups of G. Given two objects xr and yn in YiX , a 
morphism from xh — > yx is defined as follows. Consider the set of all pairs {g, (p) where 
g : G / H ^ G / K is a morphism in Oq, given by a subconjugacy relation g^^Hg C K , g ^ G 
so that g{eH) — gK and (p : G/H x A[l] X is an equivariant \-simplex such that 

(po [id X Si) = Xh, (p ° {id x 60) = yx o (3 x id). 

The set of morphisms in IIX from xh to yx is a quotient of the set of pairs mentioned 
above by an equivalence relation ' ~ ', where {gi,(pi) ~ {g2,<p2) "if and only if gi — g2 =9 
(say) and there exists a G-homotopy $ : G/H x A[l] x A[l] — > X of G-homotopies such 
that $ : (pi ~G (p2 (rel G/H x c)A[l]J. Since X is a G-Kan complex, by Remark \2.5\ 
is an equivalence relation. We denote the equivalence class of {g,(p) by [g,(p]. The set of 
equivalence classes is the set of morphisms in IIX from xh to yx ■ 

The composition of morphisms in HX is defined as follows. Given two morphisms 

[gi,<f>i] [92,02] 

XH ^ VK >- ZL 

their composition [g2,<p2] ° [ffii^i] is [3152, "0] • ^h — > zl, where the first factor is the 
composition 

G/H G/K G/L 

and ip : G/H x A[l] — > X is an equivariant l-simplex of type H as described below. Let 
X be a 2- simplex in the Kan complex X^ determined by the compatible pair of 1-simplices 
{gi4>'2, , (p'l) so that Oqx = gi(p2 and d2X = <p'i. Then ^ is given by ^(eH, Ai) = dix. 

It is proved in 16 tliat tlie composition is well defined. 

For a version of fundamental groupoid of a G-space, we refer [10] and [l3] . 

Observe that if X is a G-simplicial set then S\X\ is a G-Kan complex, where for any 
space y, SY denotes the total singular complex and for any simplicial set X, \X\ denotes 
the geometric realization of X. 

Definition 3.2. For any G-simplicial set X, we define the fundamental groupoid HX of X 
by nX := IIS\X\. 

Remark 3.3. // G is trivial then HX reduces to fundamental groupoid ttX of a simplicial set 
X. Again, for a fixed H, the objects xh together with the morphisms xh — > yn with identity 
in the first factor, constitute a subcategory ofHX which is precisely the fundamental groupoid 
ttX^ of X^ . Moreover, a morphism [g,<p] from xh to yn, corresponds to the morphism [(p\ 
in the fundamental groupoid ttX^ of X^ from x'^ to ay'j^, where (p is as in \2.6l Suppose ^ 
is a morphism in ttX^ from x to y given by a homotopy class [cJ], where ZD : A[l] — > X^ 
represents the l-simplex in X^ from x to y. Let xh and yn be the objects in ttX^ defined 
respectively by 

XH{eH,l\a) = X, ynieH, l\o) = y. 



5 



Then we have a morphism [id,uj] : xh — > TJh in TlX , where Lu(eH, Ai) = w(Ai). We shall 
denote this morphism corresponding to ^ hy hS^. 

Definition 3.4. An equivariant local coefficients on a G-simplicial set X is a contravariant 
functor from WX to the category Ah of abelian groups. 

Next, we briefly describe the simplicial version of Bredon-Illman coliomology witli local 
coefficients as introduced in [TB]. 

Let X be a G-simplicial set and M an equivariant local coefficients on X. For each 
equivariant n-simplex a : G/H x A[n] — >■ X, we associate an equivariant O-simplex an '■ 
G/H X A[0] ^ X given by 

CTH ^ a o {id X (5(1^2, ■■■,«)), 
where ^(1,2, ■■■,«) is the composition 

5(1,2,.., n):A[0]^A[f]^...'^A[n]. 

The j-th face of a is an equivariant (n — l)-simplex of type H, denoted by a^^^ , and is defined 
by 

o-*^^^ = a o (id X Sj), < j < n. 
Remark 3.5. Note that fr^-* = an for j > 0, and 

cr^) = (TO (id X (5(0, 2, ...,„))■ 

Let Cq{X;M) be the group of all functions / defined on equivariant n-simplexes a : 
G/H X A[n] -> X such that /(a) G M((T//) with f{a) = 0, if <t is degenerate. We have a 
morphism cr, = [id, a] in IIX from an to cr^'' induced by a, where a : G/H x A[l] — > X 
is given by a = ct o (id x 6(^2, ■■■ ,«))• Define a homomorphism 

S:C^{X; M) C^+^{X; M) 

f^Sf 

where for any equivariant (n + l)-simplex a of type H, 

{6f ){a) ^ Af(a,)(/(a("))) + ^%l{-~iy f{a^^\ 

A routine verification shows that 5 o 5 — Q. Thus {Cq{X] M), (5} is a cochain complex. We 
are interested in a subcomplex of this cochain complex as defined below. 

Let rj : G/H x A[n] ^> X and r : G/K x A[n] — > X be two equivariant n-simplexes. 
Suppose there exists a G-map g : G/H — )■ G/K, g^^Hg C K, such that t o [g x id) = rj. 
Then r] and t are said to be compatible under g. Observe that if rj and r are compatible 
as described above then 77 is degenerate if and only if r is degenerate. Moreover notice that 
in this case, we have a morphism [g, k] : rju — )> tk in HX, where k = rjjj o [id x ctq), where 
(To : A[l] — > A[0] is the map as described in Section 2. Let us denote this induced morphism 
by g*. 
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Definition 3.6. We define Sq(X;M) to he the subgroup of Cq{X; M) consisting of all 
functions f such that if rj and r are equivariant n-simplexes in X which are compatible under 
g then firj) = M ig,)i fir)). 

If / G S^{X; M) then one can verify that 5f e 5*2+^ (X; M). 
Thus we have a cochain complex Sg{X; M) ~ {Sq{X\ M), S}. 

Definition 3.7. Let X be a G-simplicial set with equivariant local coefficients M on it. Then 
the n-th Bredon-Illman cohomology of X with local coefficients M is defined by 

H'^{X-M)=H^{Sg{X-M)). 

4 Equivariant Eilenberg Theorem 

Let X be a one vertex Kan complex. For any x G Xi, we denote by [x] the element of 
TT = 7ri(X, v) represented by the 1-simplex x where v is the unique vertex of X. Recall that 
(EI I 0) the universal covering complex X of X is defined as follows: 

Xn = TT X Xn 

with the face maps 

5j(7,x) = (7,5ja;), < i < n, x e X„, 7 e tt 

doin.x) ([9(2,3,---,«)a;]7,5oa;), 
where 9(2,3, -- ,n)X = d2d^ ■ ■ ■ 9„x. The degeneracy maps are 

Si(7, x) = (7, Six) <i <n. 

Then p : X — > X, p being the first projection, has the usual properties of universal covering. 
Any map / : X — > Y of such complexes induces a map / : X — > Y by /(7, x) = 
(/*(7), /(a;)), where : T^iiX) — > tti{Y) is the homomorphism of fundamental groups 
induced by /. 

Remark 4.1. We note that given any two 0-simplexes xi = {^i,v) and X2 = (72, in X, 
there is a unique homotopy class of 1-simplexes uj such that diui = xi, Oquj = X2, as X is 
simply connected. We may represent this class by to = (71, a;2a;f^) where Wi represents 7^, 
i = 1, 2. 

The fundamental group 7ri(X) operates on X freely by 

(cr, (7,x)) H> (7cr"\a;). 

This action is natural with respect to maps of complexes and an analogue of Eilenberg 
Theorem holds. The purpose of this section is to prove an equivariant version of this result. 
We define a contravariant functor from the category of canonical orbits to the category of 
one vertex Kan complexes as follows. 
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Let X be a one vertex G-Kan complex. We denote the G- fixed vertex by v. For any 
subgroup H oiG, let 

be the universal cover of . The left translation a : X^ — > X^ , corresponding to a 
G-map a : G/H G/K, a^^Ha C K, induces a simplicial map a : X^ X^ such 
that ph o a = a o p^. This defines an Oc-Kan complex X by setting XiG/H) = X^ and 
X{a) = a. This is called the universal Oc-covering complex of X. This is simplicial analogue 
of Oc-covering space as introduced in [TJ]- We refer [TU] for a more general version, called 
'universal covering functor'. For any subgroup H, let e X^ denote the zero simplex 
(e//,ti), where en is the identity element of ]i_X{G/H) ~ Tri{X^ ,v). Note that the map a 
induced by a : X^ — > X^ maps to . 

The natural actions of nX{G/H) = t:i{X",v) on X{G/H) = X" as H varies over 
subgroups of G, define an action of the Oc-group t^X on X. 

Suppose M is an equivariant local coefficients on X . We have an abelian Oc-group Mq 
associated to M as described below. 

For any subgroup H of G, let vh be the object of type H in liX defined by 

VH ■■ G/H X A[0] ^ X, 

Then for any morphism 5 : G/H — ?• G/K in Og, given by a subconjugacy relation g^^Hg C 
K, we have a morphism \g,k] : vh ^ vk HX, where k : G/H x A[l] — > X is given by 
k{eH, Ai) = Sow. Define Mq : Og ^ Ah by Mo{G/H) = M{vh) and Afo(?) = M\g,k]. 
The abelian Oc-group Mq comes equipped with a natural action of the Oq group tt_X as 
described below. 

Let a = [(/>'] e TT_X{G/H) = -ki^X^ ,v). Then the morphism [id, </>] : vh vh where 
4>{eH,Ai) — 0'(Ai), is an equivalence in the category IIX. This yields a group homomor- 
phism 

b : Tri{X^,v) Autnx{vH), a = [cf)'] n- 6(0;) = [id,(j)\. 

We remark that the composition of the fundamental group iti{X^ ,v) coincides with the 
morphism composition of HX, contrary to the usual topological composition in the funda- 
mental group. The composition of the map b with the group homomorphism Auinxivn) 
AutM{M{vH)) which sends a S AutuxivH) to [M(q;)]~^ defines the action of tti{X^ ,v) on 
Mq{G/H). It is routine to check that this action is natural with respect to morphism of Og- 

We define cohoniology groups of X with coefficients in Mq using invariance of actions of 
ttX on X and Mq as follows. 

We have a chain complex |G„(-'f),5„| in the abelian category Cg defined by 

CJX){G/H) :=G„(X^;Z) 

for every object G/H and for every morphism a : G/H — > G/K , a^^Ha C K, G„(a) :— : 
Cn{X^ -jZ) — J> G„(X^;Z), where G„(X^;Z) denotes the free abelian group generated by 
the non-degenerate n-simplexes of X^ . The boundary map 9„ : G„(X) C_n-i{-^) is the 
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natural transformation, defined by dj^{G/H) := 9„ where 9„ : C„(X^;Z) C„_i(X^;Z) 
is the ordinary boundary map. Note that tt_X acts on the chain complex via 
its action on X. We now form the cochain complex ^HomT^x{C_j^{X),MQ),5'^^^ where 

iJom^x (C„ (X), Afo) consists of all natural transformations C_^{X) — > Mq respecting the 
actions oinX and (5"/ = fodn+i- Then the n*^ equivariant cohomology of X with coefficients 
in Mq is defined by 

Hl^ JX;Mo) := Hn{Hom^x{C^{X), Mq)). 

Theorem 4.2. Let X be a one vertex G-Kan complex and M be an equivariant local coeffi- 
cients on X. Then 

h^(x-m)^h:^^c{x-Mq). 

Proof. Recall that for any two 0-simplexes x, y £ X^ of the universal cover of the H- 
fixed point complex X^ , there is a unique homotopy class of 1-simplexes lo with diuj ~ x 
and d^ijj = y. Let us denote this class by £,h{^iV)- In particular, if a; = u^, then we 
shall write £,{v^,y) simply by £,H{y)- Upon projecting S^H{x,y) via pn we get an element 
£,H{x,y) G Tri{X^ ,v). By Remark 13.31 £,H{x,y) corresponds to an automorphism b£^ff{x,y) 
of vh in nX. As before £,H{x,y) will be denoted by ^Hiu) when x = . Define a map 

: S'^iX-M) ^ Hom^x{C^iX),Mo) 

as follows. Let / £ Sq{X;M) and y be a non-degenerate n-simplex in X^. Let cr be the 
equivariant n-simplex of type H in X such that a' = pn o y, where y : A[n] — > X^ is the 
simplicial map with y(A„) = y. Then 4>{f) G HomT^x{C_niX), Mq) is given by 

0(/)(G/i/)(y) = 1/(6^^(5(1,2,... „)y))/(a). 

Recall that /(cr) G M{aH) and an in this case coincides with vh- 

We check that (j){f ){G/H) is equivariant with respect to the respective actions oi nX {G / H) 
on C„{X){G/H) and on Mq{G/H). Let u G nX{G/H),y G X^ and a be the equivariant 
n-simplex determined by y as above. Then 

m{G/H)iuy) = M{b^H{da,2,:,n)uy))f{r), 

where r' = ouy. By the definition of the action of ti_X{G/H) on C„(X^;Z), we have 
Pi/ o v/y — pu o y, hence t' ~ a' . It follows that 

m{GlH){uy) = M(6eH(5(i.2,..,„)uy))/(a). 

Now write ^H{d(i^2,--- ,n)uy) as a composition 

Ih{uv" ,d(^i^2,- .n)uy) o^h{uv") 

of morphisms in the fundamental groupoid of X^ . Observe that by Remark |4. 11 £,h{uv^) = 
u"^ and (.niuv" ,d(i^2,--- ,n)uy) = ^//(9(i.2,- - ,n)2/)- Therefore 

Mib(H{diu2,- ,n)uy)) = M(H"' o M(6Cff(5(i,2,.. ,„)y)). 
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Thus (j){f){G / H){uy) = M{hu)-^<i)(f){G/H){y). It follows from the definition of the action 
of 7rX(G/7?) on Mq{G/H) that (t>(f){G/H) is equivariant. 

To check that (j){f){G/ H) : C_„{X) — > Mq is natural, we have to show that 

Moig) o miG/K) = miG/H) o g# 

whenever g~^Hg C K. Recall that by definition of Mq, Mo{g) ~ M{vh — — > vk), where 
k : G/H X A[l] — > X is given by k{eH, Ai) = sqv. Let y e Xff and g^^Hg C K. Let r be 
an equivariant 7i-siinplex of type K in X such that t' = pK o y. Then 

Mo{g)ocj,{f){G/K){y) 

^M{vH ^ vk) o M{b^K{da,2,:,n)y))fir) 

=M{VH ^ vk) o M{[tda/K,oj])f{T) 
=M{[tdG/H,^]o[9,k])fiT), 

where as in Remark l3.3l uj is the equivariant l-simplex of type K in X such that uj' represents 
S,Kid(i^2,--- ,n)y)- On the other hand, 

cl,if)iG/H)o~g^{y) 
=cj,{f){G/H)i~gy) 
=M(5^ff (9(1,2,.., „)5y))/M 

where a' = pn ° gy = Ph ° 9 °y ^ 9 ° Pk °y — 9 ° t' ■ In particular, a and t are compatible 
n-simplexes. Thus 

miG/H) o ~g#{y) = M{bCH{d(i,2,- ,n)gy)) o M{g^)f{T). 

Note that v is the only vertex in X which is G-fixed and hence 5* is a morphism from vh to 
Vk and is given by [g, k] where k = vh o [ida/H x ctq)- Now observe that ^_ff (9(i,2,.. ,n)9y) = 
^i? (5^^(1,2,.. ,n)y) can be represented by goj'. As a consequence we may write 

Hh {0(1,2,- ■■,n)9y) = [■idG/H,^°{9 X id^ii])]- 

Therefore 

cj,{f){G/H)o~g^{y) 
=M{[tdG/H,^ ° (5 X idA[i] )]) o M{[g, k])f{T) 
^M{[g,k] o [idG/H,^°i9 x idA[i])])f{T). 

From the definition of composition of morphism in IIX, we have 

[idc/K,^] ° [9,k] = [9,k] o [idG/H,^° (ff x id^i^)]. 
Thus (j){f) is natural. 
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Next we check that (f> is a chain map. Let / e S^{X; M), y G X^^^. Let a denotes the 
equivariant (n + l)-simplex of type H corresponding to y as described before. Then 

cl>{6f){G/H){y) 
=M(6C//(5(i,2,..,„+i)2/))(5/)(a) 

=M(6^H(a(i,2,..,„+i)y)) {M(a.)/(a(°)) + E]+l{-iy f{a^^^)} . 
On the other hand, 

6cf>{f){G/H)iy) 

=Y.ti'\-irm{GiHmy) 

=s(:y)(-l)W(&C^(a(i,2,..,„)5.y))/(a«) 
=M(6CH(a(o,2,... ,„+i)y))/(a(0)) + EILV(-1)'M(6^h(5(i,2,.. 

Now note that since is simply connected the morphism ^i? (9(o,2,- - iii ttX^ can 
be factored as 

^h(^(1,2,... ,n+l)y, d{0,2,- ,n+l)y) ° ^^(^(1,2,... ,n+l)2/) 

and 2, ■■■ ,71+1)2/) ^(0,2, •■■ is precisely the morphism cr*. Therefore 

^'CH(9(0,2,.-.,n+l)2/) = (^* °b^H {0(^1,2,-, n+l)y)- 

Hence 0((5/) <)>(/). 

To show that is a chain isomorphism define a map 

^ : Hom^x{C„{X), Mo) ^ C^{X; M) 

as follows. Let / G Hom,.,ix{Q.ri{X), Mo) and cr be a non-dcgcncratc equivariant n-simplex 

in X of type H. Choose an n-simplcx y in X^ such that pniv) = <y{eH, A„). Then '(/'(/) is 
given by 

= M(&$ff (9(1,2,..., n)y))-V(G/f/)(y). 

Suppose z is another n-simplex in X^ such that ph{z) = a{eH,An)- Since 7ri(X^,w) 
acts transitively on each fibre oi ph ■ X^ — > X^ , there exists an element u € Tri{X^,v) 
such that uy = z and hence w9(i_2. -- = f^(i.2, -- ,n)-2- Thus 

M(feeff(a(i,2,...,„)^))-\/(G/i/)(z) 
=M(6e//(a(i,2,...,„)W2/))-V(G/i/)M 
=M{hiH{d^i,2,-,n)y))-^M{bu)-^f{GlH){y) 
=M{b^H{dii^2,-,n)y))-'fiG/H){y). 

The last equality follows from the observation 

M{b^H{d^i,2,- ,n)uy)) = M{bu)-' O M{b^H{d^l,2,- ,n)y)), 
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while showing (j> takes any cocycle in Sq{X; M) into HomT^x{C_n{^) 1^0)1 the first part 
of the proof. Thus the map is weh defined. 

We claim that il){f) & S^{X; M) for any / e Hom^x{C^{X), Mq). Let a-^HaCK and 
a : G/H x A[n] — > X and rj : G/K x A[n] — > X be equivariant n-simplexes such that 
770 (a xid) = a so that they are compatible. We need to show that tl;{f){a) = M{at,)ip{f){r]). 
Let y G X^ be such that pxiv) = vi^K, A„). Then the n-simplex ay e X^ is such that 

PH{ay) = apxiy) = a-q{eK, A„) = r]{aK, A„) = a{eH, A„). 

By our choice, we have 

V(/)(77) = M{hU{d(ix-,n)y))-^f{G/K){y) 

and 

= M(6^H(a(i,2,...,n)%))-V(G/i?)(ay). 
Since / : C_^{X) — > Mq is natural, we have 

f{G/H){ay) = Mo{a){f{G/K){y)). 
In the first part of the proof we have observed that 

a* o b^H{d(i^2,--- ■n)ay) =- hiK{d(\,2,- - ,n)y) ° a*- 
Moreover, recall that Mo(a) = M(a*). Therefore 

M(a*)V'(/)(r?) 
=M{a,)M{hiK{diia,-,n)y))-^f{GlK){y) 
=M{bU{diia,- ,n)yr' o a,)f{G/K){y) 
=M{a, o 6Ci/(3(i,2,.. ,n)&y))f{G/K){y) 
=M{b^H{d(^,2,-,n)~ay))-^M{a.)f{G/K){y) 
=M{b^H{d^,,2,..,n)~ay))-'Mo{a)f{G/K){y) 

It is routine to check that ip is the inverse of ^. This completes the proof of the the theorem. 

□ 

5 Equivariant Serre spectral sequence 

The aim of this last section is to derive a version of Serre spectral sequence. To do this we 
give an alternative description of equivariant simplicial cohomology with local coefiicients in 
terms of cohomology of small categories. 

Let G be a discrete group and X a G-Kan complex. Then we have a category Aa{X) 
described as follows. Its objects are G-simplicial maps a : G/H x A[n] — X and a morphism 
froma : G/i? x A[n] ^ X to r : G/KxA[m] X is a pair {g,a) where 5 : G/H ^ G/K is a 
G-map and a : A[n] A[m] is a simplicial map such that To[g xa) = a. There is a canonical 
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functor vx ■ Ao{X) — >• Il{X) which sends a : G/H x A[n] X to cth = cr ° {id x (5(i,2, -- ,«))• 
For a morphism (g, a) in Ag{X), vx{g, «) : o'h tk is the morphism [g, ip] in Tl{X) where 
(j) : G/H X A[l] — X is an equivariant l-simplex of type H obtained as follows. Suppose 
r o (id X ^^(eiir, Ai) — uj £ X^ . Let x be a 2-siniplex in X^ determined by the 

compatible pair of 1-simplices ( , sidiuj, uj). Then is given by (j}{eH, Ai) = g{dox). 
If X is any G-simplicial set then we define Ag{X) — Ag{S\X\). 

For a small category C, let Ab{C) be the category of all contravariant functors from C to 
Ab with morphisms natural transformations of functors. 

Definition 5.1. A functor M G Ab{AG{X)) is said to be G-local if 

M = v*xM' = M' ovx 

for some M' g Ab{Il{X)). For a G-local coefficients M, the equivariant cohomology of X 
with coefficients M is defined to be 

h*a{X;M) ■.= H*{Ag{X);M), 

where the right hand side denotes the cohomology of the category Aq{X), in the sense of 

Theorem 5.2. Let X be a G-simplicial set and AI be an equivariant local coefficients on X . 
Then there is an isomorphism 

H^{X;M)^hUX;M). 
(On the right we identify M with v'^{M)). 

Proof. Let NC denote the nerve of a small category C. Then as in ([H]) we let X be the 
bisiniplicial set whose (p, q) simplices are triples (u, a, a) where 

u = ([no] [ni] ^ . • . ^ [nj) £ iVp(A) 

a = (G/Ho ^ G/H, ^ • • • ^ G/H,) e N,{Og) 
a : G/Hq x A[np] X \s a. G-simplicial map. 

The face and degeneracy maps on X are induced from those on N{A) and N{Og)- Then 

diagonal(X) ^ N{Ag{X)). 

To every {u, a, a) G X^'"^ associate a G-simplicial map, 

W ~ a o [aq o • • • o ai x Up o ■ ■ ■ o ui) : G/Hq x A[no] X. 

Let CP''^{X; M) denote the set of all functions on XP''^ which sends an element {u, a, a) of 
XP'"^ to an element of AI{vx{a)). It follows quite easily that CP'''{X; M) is a bicomplex with 
obvious differentials du and dy induced from the face maps of X. Denote the total complex 
of G"{X,M) by Tot G"(X;M). Let diagG"(X;M) be the cochain complex whose p*'' 
group is CP'P{X\M) and differential is dtdy. Then by a result of Dold and Puppe (|4j) we 
have 

H'\TotC"{X-M)) ^ i7"(diagG"(X; Af)). 
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Now CP''P(X] M) can be interpreted as the set of all functions on A''(A(3(X)) which sends 
a p-simplex (tq ^ ti ^ • • • — ?> Tp) to an element of M(wx(''o)) a-nd the differential on 
CP'P^X] M) is just the differential induced from the face maps of A'p(Ag(X)). Hence, 

7?"(diagC"(X;M)) - H'\Ag{X);v\M) = hl{X-M). 

Recall that the spectral sequence associated to the p- filtration of the bicomplex C*'{X] M) 
converges to the cohomology of the total complex. Now proceeding as in 'TS' , we may com- 
pute the El term of the spectral sequence. It turns out that 

Ei'^ ^m{CP^'{x-M)) - n„eAr,(A)5;^^"H^;M) if 9 = 

= if g > 0, 

where S'q^"^(X;M) is a copy of 5g''(X;M) for every u = ([no] ^ > H). (See [T5] for 

details.) Thus, 

m (Tot C"{X-M)) - i/P(n.ejv(A)^S^"^(^;Af)) 
^ HP{A°P,S^iX;M)) 

where Sq{X;M) is the cosimplicial group which takes [n] to Sq{X;M) with obvious face 
and degeneracy maps induced from those on A. Then we know that (|12|'). 

HPiA''P;S'aiX;M)) - HPiS'a{X; M)). 

Hence, 

fr^'(Tot C"{X;M)) ^ Hl{X-M). 

□ 

We are now in a position to derive the required spectral sequence. 

Let X, Y be G-simplicial sets and f : Y ^ X he a. G-Kan fibration and M a G-local 
coefficients on Y . For q > we have a contravariant functor 

hUf,M):AG{X)^Ab 

as follows. For an object a : G/H x A[n] X of Ag{X), let (J*{Y) be the G-simplicial set 
obtained by pulling back / along a and define 

h%{f,M){o) ■.^h%{a*{Y)-ra*M), 

where a : cr*{Y) — > F is the canonical map. We claim that h'^lf^M) factors through vx 
yielding a G-local coefficients on X. To see this, first note that the following result holds 
([12], the proof of the Theorem 2.3). 

Theorem 5.3. Let f : Y — X be a weak equivalence in GS. Then for any G-local 
coefficients M on X , f induces an isomorphism 

h*a{X;M) = hUY;rM). 
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Recall that / : Y — > X is a weak equivalence in GS if and only if : — > is 
a weak equivalence in S. Next note that if u : A [to] — > is a simplicial map then the 
map a{id x u))*{Y) — > cr*(^) covering id x u : G/K x A[to] — > G/K x A[n] is a weak 
equivalence in GS, as / is a G-Kan fibration. The claim now follows from the above result. 

Theorem 5.4. For any G-Kan fibration f : Y ^ X and a G-local coefficients M on Y, 
there is a natural spectral sequence with E2-term £'2'' = Hq(X] h^^f, M)) converging to 
Hl+\Y-M). 

Proof. The proof is parallel to the proof of Theorem 3.2, [12]. We only mention the essential 
steps. The G-Kan fibration f -.Y ^ X induces a functor Ag(/) : Aa{Y) — !> Ag{X) and we 
have a Grothendieck spectral sequence [TB] 

fff (Ag(X); /^«(Ag(/)/-; M)) ^ HP+^AciY); M). 

It is enough to show that the two contravariant functors h'^{Ac{Y)/ —\ M) and M) from 

Ag(-'^^) to .Ab are equivalent. For an object cr of Ag{X), AG{f)/<J is the comma category. 
Objects of AG(/)/cr are pairs (r, w) where r e 0&(A(3(y)) and u : AG(/)(r) — > a is a map 
in Ag{X). Morphisms from (r, u) to {t' ,u') are maps a : r — ;> r' such that u' AG(f){a) — u. 
A direct computation shows that there is a canonical equivalence of the categories 

AG(/)/a = AGK(y)), 

which is natural in cr. Hence we have natural isomorphism of functors 

h''{AG{a*{Y)-a*M)) - h\AG{f) / a; M). 
The result now follows from Theorem [521 

□ 
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